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Introduction 

Let (f : X Y he a generically finite morphism. The purpose of tfiis paper 
is to sliow flow tlie Oy-algebra structure on (p^Ox controls algebro-geometric 
aspects of X like the ring generation of graded rings associated to X and the 
very ampleness of line bundles on X. As the main application of this we prove 
some new results for certain regular surfaces X of general type. Precisely, we 
find the degrees of the generators of the canonical ring of X when the canonical 
morphism of X is a finite cover of a surface of minimal degree. These results 
complement results of Ciliberto [Ci] and Green [G]. The techniques of this paper 
also yield different proofs of some earlier results, such as Noether's theorem 
for certain kind of curves and some results on Calabi-Yau threefolds that had 
appeared in [GP2]. 

The canonical ring of surfaces of general type have attracted the attention 
of several geometers. Kodaira (see [Kod]) first proved that l-fiT^"^! embeds a 
minimal surface of general type X as a projectively normal variety for all m > 8. 
This was later improved by Bombieri (see [Bo]) who proved the same result if 
m > 6 and by Ciliberto (see [Ci]), who lowered the bound to m > 5. Recently 
the authors proved (see [GPl]) more general results on projective normality and 
higher syzygies for adjunction bundles for an algebraic surface. As a corollary of 
these results they recovered and improved the results of Bombieri and Ciliberto 
on projective normality and extended them to higher syzygies. 

An important class of minimal surfaces of general type are those whose canon- 
ical divisor is base-point-free. If one goes by the results proved so far surfaces 
with base-point-free canonical bundle fall into one of these two categories: those 
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whose canonical morphism maps onto a surface of minimal degree and those 
whose canonical morphism doesn't map onto a surface of minimal degree. The 
latter have been studied by Ciliberto (see [Ci]) and (see Green [G]). The former 
are studied in this article. Green and Ciliberto proved this nice result regarding 
the generators of the canonical ring of X: 

Let X be a regular surface of general type with a base point free canonical 
divisor. Assume that the canonical morphism Lp satisfies the following conditions: 

(1) (/7 does not map X generically 2 : 1 onto P^. 

(2) ip{S) is not a surface of minimal degree (other than P^). 

Then the the canonical ring of X is generated in degree less than or equal to 

2. 

In the present article we deal with surfaces of general type X whose canonical 
morphism Lp maps X onto a surface of minimal degree Y . These surfaces have 
been studied in the works of Horikawa (see [HI] , [H2] , [H3] and [H4]), Catanese 
((see [Ca]) and Konno (see [Kon]) among others, where they play a central role 
in the classification of surfaces of general type with small cf, in questions about 
degenarations and the moduli of surfaces of general part. The study of these 
surfaces have a direct bearing on the study of linear series on threefolds such as 
Calabi-Yau threefolds as the results in [OP] and authors results in [GP2] show. 

The study the canonical rings of these surfaces is carried out in Section 2. 
We determine the precise degrees of the generators of its canonical ring (see 
Theorem 2.1). The answer depends on the degree of and the degree of Y. 
As a corollary of our result and the result of Ciliberto and Green, we find that 
conditions (1) and (2) above characterize the regular surfaces of general type 
with base point free canonical bundle whose canonical ring is generated in degree 
less than or equal to 2. 

As we said at the beginning, in order to study the canonical ring of X we 
will use the existence of a generically finite morphism (p from X to a variety Y . 
The morphism (f is the canonical morphism of X and y is a surface of minimal 
degree, that is, a nondegenerate surface in projective space whose degree is 
equal to its co dimension plus 1. The classification of these surfaces is classically 
known: they are (linear) P^, the Veronese surface in P^, smooth rational scrolls 
or cones over one of them (see [EH]). Thus the surface Y is simpler than X. A 
measurement of its simplicity is that its general hyperplane section is a smooth, 
rational normal curve. Therefore in Section 2 we see how the algebra structure 
of if^Ox governs the multiplicative structure of the canonical ring of X and we 
use this to study its ring generators. 
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Section 3 is devoted to constructing examples. We recall some known ex- 
amples of surfaces of general type mapping to a surface of minimal degree and 
construct some new ones. We also show that certain kinds of examples of fi- 
nite canonical morphisms are not possible. For example, we show that odd 
degree covers of smooth rational scrolls or cyclic covers of degree bigger than 3 
of surfaces of minimal degree do not exist. 

In Section 4, we show another example that illustrates the relation between 
the algebra structure of n^Ox given by a finite morphism tt and the canonical 
ring of X. As an application of this, we give a different proof of Noether's theo- 
rem for curves general among those possessing an effective theta-characteristic. 
In this case the finite morphism tt is induced by the complete linear series of a 
theta-characteristic of a curve mapping to a rational curve. In Section 5, wc give 
yet another illustration of this philosophy and give a different proof of results 
on Calabi-Yau threefolds proved in [GP2]. 

Finally we expand on these ideas in two forthcoming articles, [GP3] and [GP4]. 
In the first we study the canonical ring of higher dimensional varieties of general 
type whose canonical morphism maps onto a variety of minimal degree. One of 
results in [GP3] shows that the converse of the theorem of Ciliberto and Green 
for surfaces stated above is false for higher dimensional varieties of general type. 
In the second we carry out a detailed study of homogeneous rings associated to 
line bundles on trigonal curves. 

Convention. We will work over an algebraic closed field of characteristic 

1. Preliminaries 

In this section we will recall some known facts about the push forward of the 
structure sheaf of a variety by a fiat, finite morphism. We summarize these facts 
below and refer for the proof to [HM], Section 2. 

Let X and Y be algebraic varieties over a field k and let n a natural number 
which does not divide car(k). Let tt : X — ^ y be a finite, flat morphism of 
degree n. We have the folowing facts: 

1.1. The sheaf n^Ox is a rank n locally free sheaf on Y of algebras over Oy- 

1.2. There exists a map 

-tr : TT^Ox — > Oy 
n 
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of sheaves of Oy modules defined locally as follows: Given a € tt^Ox we 
consider the homomorphism of Oy-modules 

induced by multiplication by a. Then we define ^tr(Q:) as the trace of such 
homomorphism divided by n. 

3. ^tr is surjective, in fact, the map Oy tt^Cx induced by tt is a section of 
^tr. Therefore the sequence 

O^E^ TT^Ox ^ Oy 

splits. E is the kernel of ^tr and locally consists of the trace elements of 
TT^Ox- We will call E the trace-zero module of tt. 

4. TT^{Ox) is a sheaf of Oy-algebras, therefore it has a multiplicative structure. 
Its multiplication map is an Cy-bilinear map 

[Oy ®E]^[Oy®E] >Oy®E 

made of four components. The first component 

Oy^Oy >Oy®E 

is given by the multiplication in Oy and therefore goes to Oy. The compo- 
nents 

Oy®E >Oy®E 

E®Oy >Oy®E 

are given by the left and right module structure of E over Oy and therefore 
go to -E. Finally there is a fourth component 

E®E — >Oy®E 

which factorsizes through 

S'^E — >Oy®E 
for multiplication in 7r*Cy is commutative. 
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2. Covers of surfaces of minimal degree. 

Our purpose is to study the generators of the canonical ring of certain surfaces 
of general type. Precisely we are interested in studying those regular surfaces 
of general type whose canonical divisor is base point free and such that the 
image of the canonical morphism is a variety of minimal degree. We obtain the 
following 

Theorem 2.1. Let S be a regular surface of general type with at worst canonical 
singularities and such that its canonical bundle Ks is base-point-free. Let be 
the canonical morphism of S . Let n be the degree of (f and assume that the 

image of ip is a surface of minimal degree r. Then 

1) if n — 2 and r — 1 (i.e., if ip is generically 2 : 1 onto P'^), the canonical ring 
of S is generated by its part of degree 1 and one generator in degree 4; 

2) if n ^ 2 or r ^ 1, the canonical ring of S is generated by its part of degree 1, 
r{n — 2) generators in degree 2 and r — 1 generators in degree 3. 

The knowledge of how many linearly independent generators are needed in 
each degree is obtained from the knowledge of the image of the multiplication 
maps of global sections of powers of the canonical bundle. We study those 
multiplication maps by studying similar maps of a curve C in \Ks\. Thus we 
will first prove the following 

Proposition 2.2. Let C be a smooth curve. Let 9 be a base-point-free line 
bundle on C such that 9®^ = Kc- Let tt be the morphism induced by \9\, let n 
be the degree of tt and assume that tt{C) is a rational normal curve of degree r. 
Let l3{s, t) be the multiplication map 

H^{9'^') ® H\9'^-'+'), for aUs,t>0 . 

The codimension of the image of j3{s,t) in H^{9®^'^^) is as follows: 

a) If r = 1, the codimension is: 
a.l) n — 2, for s = t = 1, 

a. 2) 0, for s — 2,t — 1, i.e., /3(2, 1) surjects. 

a.3) 1, fors = 3,t= 1. 

a.4) 1, for s = t = 2, n = 2 and if n > 2. 

a. 5) 0, for s > 4, t = 1, i.e., /3{s, 1) surjects for all s > 4. 

b) If r >1, the codimension is: 

b. l) r{n — 2), for s = t — 1. 
b.2) r-1, for s = 2,t = l. 
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b.3) 0, for s > 3,t = 1, i.e., (3{s, 1) surjects for all s > 3. 

Moreover, if r — 1 and n — 2, then the image of P{2,2) and the image of 
/3(3, 1) are equal. 

In order to prove Proposition 2.2 we will use the following 

Lemma 2.3. Let C, 6 and tt as in the statement of Proposition 2.2. Then 

TX^Oc = Opi © (n - 2)Opi(-r - 1) © Opi(-2r - 2) . 

Proof. Since the image of tt is smooth and of dimension 1, tt is flat. Then 
TT^Oc = C^pi ©-E as Opi -modules, with E vector bundle over P^. We now show 
that 

E={n- 2)Cpi (-r - 1) © Cpi (-2r - 2) . 

We have -k^O = t^^Oc © 0-p^{r) and -n^Kc = tt^Oq ® Opi(2r), by projection 
formula. Any vector bundle over splits, hence 

= O^i ®E = 0^i e Opi(ai) © • • • © Opi (an_i) , 

for some negative integers ai,...,an-i (C is connected). Then h^{Kc) — 1 
implies that exactly one of the ajS, let us say a^-i, satisfies a^-i -\- 2r — —2. 
On the other hand, since tt is induced by the complete linear series |^|, h^{9) = 
r + 1 = /i°(Cpi (r)), so Oj + r < — 1 for all 1 < z < n — 2. Finally, since degree of 
e is £/(C)-l, h^e) = h^le) = r + l. Since h^Opi{-r-2)) = r+1, a^ + r > -1 
for all 1 < i < n — 2, so ttj + r = —1 for all 1 < i < n — 2. □ 

(2.4) Proof of Proposition 2.2. In Lemma 2.3 we have completely determined 
the structure of n^Oc as Opi -module. Now we look at the structure of n^Oc 
as Opi -algebra. If n = 2, it is completely determined by the branch divisor of 
TT on P^, since in this case tt is cyclic. If n > 2, we observe the following: 

(2.4.1) For some I < i,j < n — 2, the projection of the map 
Opi (ai) ® Opi (aj) — ^ TT^Oc to Opi (-2r - 2) 
is surjective, in fact, it is an isomorphism. 



This is so because otherwise Opi © Opi (ai) © ■ ■ ■ © Opi (0^-2) would be an 
integral subalgebra of tt^Oc, free over Opi of rank n — 1. Then n — 1 should 
divide n, which is not possible if n > 2. 
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Now we will use our knowledge of ir^Ox to study the maps /3(s,r) which 
appear in the statement of the proposition. We will write /3s in place of (3{s, 1). 
Let Ri = H^{9®''). Then, since B = 7r*Cpi(r), by projection formula 

i?i = i/°(Opi(r)), 

Ri = ifO(Opi (/r) © (n - 2)H^{Opi{{l - l)r - 1)) © H^{Opi{{l - 2)r - 2)) and 
Ri+i = H\Opi {{I + l)r)) © (n - 2)ifO(Opi (/r - 1)) © H\0^i{{l - l)r - 2)) . 

Therefore an element of i?/, i.e., a global section of H^[6®^) is a sum of n 
components, one in each piece of the above decomposition of Ri. On the other 
hand, the product of an element of Ri belonging to one of the blocks with an 
element of R\ is determined by the ring structure of Cpi and by the module 
structure of E. More precisely, the restriction of (3i to H^{0-pi (/r))©if°((9pi (r)) 
maps, in fact isomorphically, onto i7'^((9pi ((/+l)r). The restriction of (3i to each 
of the blocks H^{0-pi{{l — l)r — 1)) © H^{0-pi{r)) maps to the corresponding 
H^iO-pi (/r— 1)). This restriction is if (/— l)r— 1 is negative and an isomorphism 
otherwise. Likewise, the restriction of A to H^{Opi{{l - 2)r - 2)) ® H^{Opi (r)) 
goes to if°(Cpi ((Z— l)r— 2)), being if (/— 2)r— 2 is negative and an isomorphism 
otherwise. Therefore it is crucial to tell which blocks of a given Ri are 0. We 
have 

i2i = if°(Opi(r)); 
i22 = -H"°(Opi(2r))e(n-2)H°(e)pi(r-l)); and if Z > 3, 
Ri = H^{Opi {Ir)) e (rz - 2)if°(Opi {{I - l)r - 1)) iy°(Opi {{I - 2)r - 2)) . 

All the direct summands appearing in the above formulae are nonzero, except 
H^{Opi {{I - 2)r - 2)) when Z = 3 and r = 1 and (n - 2)iyO(C>pi ((/ - l)r - 1)) 
for all / and all r when n = 2. We now determine the image of If / = 1, the 
image of /3i is H^{0-pi (2r)), which has codimension (n — 2)r in i?2- If / = 2, the 
image of (32 is H^{Opi{3r)) © H^{{n — 2)Opi(2r — 1)) which has codimension 
r — 1 in i?3. If Z = 3 and r > 2 or if Z > 4, the image of /3i is all Ri, i.e., /3/ 
surjects. All this proves a.l), a.2), a.5) and b). If r = 1 the image of /3(3, 1) is 
H^{Opi (4r)) © (n - 2)H^{Opi (3r - 1)), which has codimension 1 in R4. This 
proves a.3). If r = 1 and n — 2, the image of (3{2, 2) is iy^(Cpi (4r)), which has 
codimension 1 in i?4. This proves the first claim in a.4) and the last sentence of 
Proposition 2.2. Finally, if n > 2, recall (see 2.4.1) that for some I < i,j < n — 2, 
the projection of the map 

Opi (tti) © Opi {aj) — > TT^Oc 
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to Opi{—4) is surjective, in fact, it is an isomorphism. Then if n > 2 the image 
of /3(2,2) is all R4. This proves the second part of a.4). □ 

Remark 2.5. Note that 6'®^ = Kc- Then a proof of a.4), alternate to the 
one given above, can be obtained from Noether's Theorem and from the base- 
point-free pencil trick. The way how Noether's theorem is related to the algebra 
structure of tt^Cc will be clear in Section 4, where we will give a different, simple 
proof of this classical result in certain particular cases. 

^From Proposition 2.2 we obtain the following 

Corollary 2.6. Let C be a smooth curve. Let 9 be a base-point-free line bundle 
on C such that 9®"^ = Kc- Let tt be the morphism induced by \9\, let n be 
the degree of tt and assume that 7r(C) is a rational normal curve. Let R be 
0~oifO(^®')- Then 

1) if r = 1 and n = 2, the ring R is generated by its part of degree 1 and one 
generator in degree 4; 

2) if r = 1 and n> 2, the ring R is generated by its part of degree 1 and n — 2 
generators in degree 2; 

3) if r > 1, the ring R is generated by its part of degree 1, r{n — 2) generators 
in degree 2 and r — 1 generators in degree 3. 

Proof: To know in what degrees we need generators we look at the maps 
I3{s, t) of multiplication of sections. Precisely the number of generators needed 
in degree / + ! is the codimension in of the sum of the images of /?(/, 1), /3(/ — 
l,2), . . . ,/3(|_^J, f^l). In particular R is generated in degree less than or 
equal to / if surjects for all k >l. Thus 1) follows from part a) of Proposition 
2.2 and from the fact that the images of /3(3, 1) and (3{2, 2) are equal. 2) follows 
likewise from part a) of Proposition 2.2 (note that in this case /3(2,2) surjects). 
Finally 3) follows from part b) of Proposition. □ 

(2.7) Proof of Theorem 2.1: The proof rests on Proposition 2.2. The idea is "to 
lift" the generators of R to the canonical ring of S. Let us define 

H\Kf') (8) H^{Kf) H^{Kf'+') , 

and let also denote a{s, 1) as a^. As in the case of R, the images of a(s, t) will 
tell us the generators of each graded piece of the canonical ring of 5'. In fact it 
will suffice to prove the following: 
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(a) If r = 1 and n = 2, ai surjects for all / > 1, except if / = 3. The images of 
CKs = a{3, 1) and a{2, 2) are equal and have codimension 1 in H^{Kg'^). 

(b) If r = 1 and n > 2, ai surjects for allZ > 1, except if Z = 1, 3. The image of 
Oil has codimension n — 2 in H^{Kf^). The map ck(2,2) is surjective. 

(c) If r > 2, ai is surjective if Z > 3. The image of ai has codimension r{n — 2) 
in H^{Kf'^). The image of a2 has codimension r — 1 in H^(Kf^). 

Thus wc proceed to prove (a), (b), (c). Recall that Y is an irreducible variety 
of minimal degree, and in particular, normal. On the other hand the locus 
formed by the points of Y with non finite fibers has codimension 2. Thus 
using Bertini's Theorem we can choose a smooth curve C of \Ks\ such that the 
restriction of the canonical morphism of to C is finite (and flat) onto a smooth 
rational normal curve of degree r. Let us denote by 9 the restriction of Ks to 
C. By adjunction Kc = 6®'^ . Since Ks is base-point- free so is 9. Finally, since 
H^{Ox) = 0, TT is induced by the complete linear series 16*1 and therefore C, 9 
and TT satisfies the hypothesis of Proposition 2.2. 

We prove first the statements in (a), (b) and (c) regarding the maps ai. 
Consider the following commutative diagram: 

Oil 

The right most horizontal arrows are surjective because H^{Os) = 0, by 
Serre duality and by Kawamata-Viehweg vanishing. The left hand side vertical 
arrow trivially surjects. The right hand side vertical arrow is the composition 
of the map H^{Kf) H^{9) — > H^{e^^) ® H^i9), which is surjective for aU 
Z > 1 again because H^{Os) = 0, by Serre duality and by Kawamata-Viehweg 
vanishing, and the map f3i of multiplication of global sections on (7, studied 
in Proposition 2.2. Then it follows from chasing the diagram that the map 
H^{K§^^^) — > H^{9'^'-+^) maps the image of ai onto the image of Pi and that 
the codimension of the image of /3/ in is equal to the codimension of 

ai in ii/"°(K'f' +^). This, together with Proposition 2.2, 5 and b, 

proves the claims in (a), (b) and (c) concerning the codimensions of the images 
of the maps ai. 

Thus the only things left to prove are the claims about a (2, 2) when r = 1. 
We consider now this commutative diagram 
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0:2 q(2,2) 

The right most horizontal arrows are surjective because H^{Os) = and by 
Serre duahty, and by Kawamata-Viehweg vanishing. The left hand side vertical 
arrow surjects, as we have already proven. The right hand side vertical arrow is 
the composition of the map H"^ [K^'^) ® H^\e®'^) — > {6^'^) (g) {6^'^) , which 
is surjective because S is regular and by Serre duality, and the map (3{2, 2) of 
multiplication of global sections on C. Then it follows from chasing the diagram 
that the map H^{K®^) H^{9®^) maps the image of a(2,2) onto the image 
of /9(2,2) and that the codimension of the image of /3(2,2) in H^{d®^) is equal 
to the codimension of the image of «(2, 2) in H^{K® ). On the other hand, we 
know that the image of /3(2, 2) and of (3^ — /9(3, 1) are equal of codimension 1 in 
if r = 1 and n = 2. Thus we conclude that the images of q;(3, 1) and 
q;(2, 2) in H^[K^^) are also equal and of codimension 1. Finally, if r = 1 and 
n > 2, /9(2, 2) surjects by Proposition 2.2.a.4. Thus we conclude that if r = 1 
and n > 2, then a(2, 2) surjects. □ 

Theorem 2.1 complements known results on generation of the canonical ring 
of smooth, regular surfaces of general type. Ciliberto and Green (cf. [G], The- 
orem 3.9.3, and [Ci]) proved that, given a smooth surface of general type with 
h^iOs) — and Kg globally generated and being ip the canonical morphism, 
a sufficient condition for the canonical ring of S to be generated in degree less 
than or equal to 2 is that none of the following happen: 

(1) If maps 5" generically 2 : 1 onto P^. 

(2) ^{S) is a surface of minimal degree (other than P^). 

As a corollary of Ciliberto and Green result and of Theorem 2.1 we obtain 

the following 

Corollary 2.8. Let S be a smooth regular surface of general type and such that 
Ks is globally generated. Let (f he the canonical morphism of S. The canonical 
ring of S is generated in degree less than or equal to 2 if and only if none of the 
following happens: 

(1) (f maps S generically 2 : 1 onto P^. 

(2) (p{S) is a surface of minimal degree (other than P^J. 
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3. Examples of surfaces of general type 

In this section we construct some new examples of surfaces of general type 
which satisfy the hypothesis of Theorem 2.1. The easiest way one could think 
of producing examples would be to build suitable cyclic covers of surfaces of 
minimal degree. However, as next remark shows, only low degree cyclic covers 
can be induced by the canonical morphism of a regular surface, so we have to 
employ other means to construct some new examples. 

Proposition 3.1. Let X be a surface of general type with at worst canonical 
singularities and with base-point- free canonical bundle. Assume that the com- 
plete canonical series of X restricts to a complete linear series on a general 
hyperplane section (e.g., if X is regular). Let if : X — > Y be the canonical 
morphism to a surface of minimal degree. Let n be the degree of ip. Assume 
that, on the complement U of a codimension 2 closed subset of Y , 

f,Ox = Oy © © • • • © L®^-^ . 

Then n = 2 or 3. 

Proof. Let H he a general hyperplane section of Y contained in U and let 
C be the inverse image of H by (p. Then C is a smooth irreducible member of 
liiTxl- By assumption the morphism (p\c C — > H is induced by the complete 
linear series of a line bundle 6. By adjunction = Kc- Thus C, 9 and (fi\c 
satisfy the hypothesis of Lemma 2.3 and 

{^\c)*Oc = Oh © (n - 2)N-^ © N''' . 

On the other hand {'p\c)*Oc is equal to the restriction of (fi*Ox to H, i.e, to 

OH®iL^ Oh)~^ © • • • © (L Oh)'"" . 

This is only possible if n = 2 or 3. □ 

Corollary 3.2. Let X be a regular surface of general type with at worst canon- 
ical singularities and with base-point- free canonical bundle. Let Y be the image 
of X by its canonical morphism X Y . If Y is a surface of minimal degree 
and (p is a cyclic cover, then the degree of (f is 2 or 3. 

The next proposition also rules out many possible examples of covers of odd 
degree: 
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Proposition 3.3. Let X be a surface of general type with at worst canonical 
singularities whose canonical divisor is base-point-free. Let be a morphism 
induced by a subseries of \Kx\- If <f is generically finite onto a smooth scroll 
Y C P'^, then the degree of (p is even. In particular, there are not generically 
finite covers of odd degree of smooth rational normal scrolls, induced by subseries 
ofKx. 

Proof. Let / be a fiber of Y and let C be a section of Y. Let —d = C^. Since Y 
is a scroll, its hyperplane section is linearly equivalent to C-\-mf, for some integer 
m. Theni^x = ip*{C+mf). Then deg ^ = {ip*f)-{^*C) = ((^*/) ■ (i^x + V'*/), 
which is an even number. □ 

Now we mention some examples of regular minimal surfaces X whose canon- 
ical morphism (f maps onto a variety of minimal degree and produce some new 
ones. 

The cases when Lp is generically finite and has degree 2 and 3 have been com- 
pletely studied by Horikawa and Konno (see [HI], Theorem 1.6, [H2], Theorem 
2.3.1, [H3], Theorem 4.1 and [Kon], Lemma 2.2 and Theorem 2.3). As it turns out 
there exist generically double covers of linear P^, the Veronese surface, smooth 
rational normal scrolls S{a, b) with b < 4 and cones over rational normal curves 
of degree 2, 3 and 4 and generically triple covers of P^ (in particular cyclic triple 
covers of P^ ramified along a sextic with suitable singularities) and of the cones 
over rational normal curves of degree 2 and 3. Horikawa (see [H4], Theorem 
2.1) also describes all generically finite quadruple covers X Y, where X is 
smooth, minimal regular surface, ip is the canonical morphism of X and Y is 
linear P^. 

The examples of of Horikawa and Konno just reviewed are examples of covers 
of degree less than or equal to 3 of surfaces of minimal degree and quadruple 
covers of P^. We now construct three new sets of examples of regular surfaces of 
general type which are quadruple covers of surfaces of minimal degree under the 
canonical morphism. These examples are 4:1 covers of smooth rational normal 
scrolls isomorphic to the Hirzebruch surfaces Fq and Fi and of quadric cones in 

P3. 

Example 3.4. We construct finite quadruple covers X ^ Y , where X is a 
smooth minimal regular surface of general type, ip is the canonical morphism of 
X and Y is a smooth rational scroll S{m,m), m>l. 

Let / be a fiber of one of the fibrations of P^ and let /' be a fiber of the 
other fibration. Then y is P^ x P^ and it is embedded in p2"^+i by |j _^ mf'\ 



ON THE CANONICAL RING OF COVERS OF SURFACES OF MINIMAL DEGREE 13 



or by If + Tnf\. If Y is embedded by | / + let ai, a2, bi and 62 satisfy the 

following: either ai — l,a2 — 2,bi — m + 1 and 62 = 1 or ai = 2, 02 = 1, 61 = 1 
and b2 = m + 1. If y is embedded by \f' + mf\, let ai, 02, bi and 62 satisfy the 
following: either 61 = 1, 62 = 2, ai = m + 1 and 02 = 1 or 61 = 2, 62 = 1, ai = 1 
and a2 = m + 1. Let D^s be smooth divisors linearly equivalent to 2{aif + bif) 
intersecting at Di-D2 distinct points. Those divisors exist because by the choices 
of ai, a2, bi and 62, both 2{aif + bif') and 2(a2/ + &2/') are base-point-free. Let 
X' ^Yhe the double cover of Y ramified along Di . Since Di is smooth, so 
is X'. Let D2 be the inverse image in X' of D2 by (pi. Since D2 is smooth and 
meets Di at distinct points, D2 is also smooth. Let X X' be the double 
cover of X' ramified along Since X' and D2 are both smooth, so is X. Let 
us call (f = (fiO{p2- Now we will show that X is a regular surface of general type, 
that Kx — and that ip is induced by the complete canonical series of 

X. First we find out the structure of (p^t^Ox as module over Oy- Recall that 
¥>2,Ox = Ox' ® Vi*OY{-a2f - b2f'). Then 

^*Ox = v^uOx' © Pu{y^i*OY{-a2f - 62/')) • 

Since (pi^Ox' = Oy © Oy^—aif — bif), then by projection formula we have 

V*Ox = Oy®Oy{-a^f-b^f')®Oy{-a2f-b2n®Oy{-{at+a2)f-{b^+b2)f) . 

We see now that X is regular. Recall that H^{Ox) = H^{(p*Ox)- Our choice of 
ai, a2, bi and 62 implies that aif + bif and 02/ + 62/' are both base-point-free 
and big, thus by Kawamata-Viehweg vanishing, 

H\Oy{-aif - bif)) = H\Oy{-a2f - 62/')) = 
H\Oy{-{ai + a2)f - (61 + 62)/')) = • 

Then, since H^{Oy) also vanishes so does H^{(f^Ox) and H^{Ox)- We now 
compute Kx- Since (p2 is a double cover ramified along D2, Kx = ^2*{Kx' ® 
Vt{Oy{a2f+b2f)). By a similar reason, i^x' = (pliKy®Oy{aif+bif)). Then 
Kx = p*{Ky © Oyiiai + a2)f + (61 + ^s)/'))- Since Ky = Oy{-2f - 2f), it 
follows again from the choices of ai, 02, bi and 62 that Kx = ^*Oy{l). Finally, 
to see that (p is induced by the complete canonical linear series of X we compute 
H'^{Kx)- We do the computation in the case Oy{l) = Oy{f + mf). The case 
Oy{l) = Oy{mf + f) is analogous. Since Kx = ^*Oy{l), 

H\Kx) = H\Oy{l)) © H\Oy{{l - ai)f + (m - 61)/'))© 
H\Oy{{l - a2)f + (m - 62)/')) © H^{Oy{{l - ai - 02)/ + (m - &i - 62)/')) ■ 
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Again, by the choices of ai, 02, bi and 627 the last three direct sums of the above 
expression are 0, so (/p is indeed induced by the complete canonical series of X. 
□ 

Example 3.5. We construct finite quadruple covers X ^ Y , where X is a 
smooth regular surface of general type with base-point- free canonical bundle, if 
is the canonical morphism of X and Y is a smooth rational scroll S{m — l,m), 
m > 2. 

Let Co be a minimal section of Fi and let / be one of the fibers. Then Y is 
Fi and it is embedded in P^"^ by |Co + Let ai, 02,61 and 62 satisfy the 

following: either ai = 1, 02 = 2, 61 = m + 1 and 62 = 2 or oi = 2, 02 = 1, 61 = 2 
and 62 = m + 1. 

Let DiS be smooth divisors linearly equivalent to 2{aiCo + bif) intersecting at 
Di ■ D2 distinct points. The fact that such divisors exist follows from our choice 
of ai, a2, bi and b2, which implies that the linear systems of Di and D2 are base- 
point-free. Let X' Y be the double cover of Y ramified along Di . Since Di 
is smooth, so is X'. Let D2 be the inverse image in X' of D2 by ipi. Since D2 
is smooth and meets Di transversally, D2 is also smooth. Let X X' the 
double cover of X' ramified along D2. Since X' and D2 are both smooth, so 
is X. Let us call (p = (pi o (p2. Now we will show that X is a regular surface 
of general type, that Kx = and that </? is induced by the complete 

canonical series of X. First we find out the structure of (fi*Ox as module over 
Oy. RecaU that (^2*Cx = Ox' © </'i*Cy (-02^0 - ^>2/)- Then 

ifi^Ox = Vi*Ox' © (^u(¥'i*Oy(-a2Co - ^'2/)) • 
Since (fi^Ox' = Oy © Oy{—aiCo — 61/), then by projection formula we have 

ip.Ox =Oy(B Oy{-aiCo - bif) © Oy{-a2Co - 62/) 
(BOy{-{ai + a2)Co-{bi+b2)f) . 

We see now that X is reg ular. RecaU that H^{Ox) = H^{^^Ox)- Our choices 
of ai, 02, bi and 62 imply that aiC^ + bif and 026*0 + ^2/ are both base-point-free 
and big divisors, thus by Kawamata-Viehweg vanishing, 

H\Oy{-arCQ - b^f)) = H\Oy{-a2Co - &2/)) = 
H\Oy{-{ai + a2)Co - (61 + 62)/)) = . 
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Then, since H^{Oy) also vanishes so does H^{(p^Ox) and therefore H^{Ox)- 
We now compute Kx- Since (^2 is a double cover ramified along Kx = 
^2*{Kx'®^l{OY{a'2CQ + h2f)). By similar reason, Kx' = (p*{KY<^OYiaiCo + 
bif)). Then Kx = ^*{Ky ® C»y((ai + a2)Co + (61 + 62)/)). Since Ky = 
2Co — 3/), it follows from our choice of ai,a2,&i and 62 that Kx = 
Finally, to see that is induced by the complete canonical linear 
series of X we compute H^{Kx)- Since Kx = 

ifO(Kx) = H\Oy{1)) © H\Oy{{1 - ai)Co + (m - 61)/))© 

H^iOYiil - a2)Co + (m - 62)/)) © ((1 - ai - a2)Co + (m - 61 - 62)/)) . 

Again, by the choices of ai, 02, 61 and 62, the last three direct sums of the above 
expression are 0, so is indeed induced by the complete canonical series of Kx- 
□ 

Remark 3.6. With the same arguments, if we allow certain mild singularities 
in Di and D2, one can construct examples of covers of Fq and Fi with at worst 
canonical singularities. 

Finally we construct an example of a quadruple cover of a singular surface of 
minimal degree. 

Example 3.7. We construct an example of a smooth, generically finite, quadru- 
ple cover X Z of the quadric cone Z in P'^, where X is a regular surface 
of general type whose canonical divisor is base-point-free, and (p is its canonical 
morphism. 

Let Y = ¥2- Let Cq be the minimal section of Y and let / be a fiber of 
Y. Let Di be a smooth divisor on Y, lineraly equivalent to 2Co + 6/ and 

meeting Co transversally. Let D2 be a smooth divisor on Y linerarly equivalent 
to 3Co+6/ and meeting Di transversally. Such divisors Di and D2 exist because 
2Co + 6/ is very ample and SCq + 6/ is base-point-free. Note also that, since 
(3Co -I- 6/) • Co = 0, Co and D2 do not meet. Let X' — ^ Y be the double cover 
of Y along D^. Since Di is smooth, so is X'. Since Di meets Co at two distinct 
points, the pullback Cq of Cq by (pi is a smooth line with self-intersection —4. 
Let D2 be the pullback of D2 by (fi. Since Di and D2 meet transversally, D2 
is smooth and since D2 and Cq do not meet, neither do D2 and Cq. Let L2 be 
the pullback of 2Co -|- 3/ by (pi. Let X X' be the double cover of X' along 
D2U Cq. Since D2 U Cq is smooth, so is X'. Let us denote (p = (pi o (p2. Then 

= vuV2,Ox = ^uiOx' e 4*) = 

Oy © Oy{-Co - 3/) © Oy(-2Co - 3/) © C»y(-3Co - 6/) .(3.7.1) 
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Since —Cq — 3/ and — 3Co — 6/ are big and base-point-free, by Kawamata- 
Viehweg vanishing and Serre duality, H^{Oy{-Co - 3/)) = H\Oy{-^Co - 
6/)) = 0. By Serre duality i?i(Or(-2Co - 3/)) = (-/))* = 0. Then, 

since H^{Oy) = 0, X is regular. Arguing as in Example 3.4 and Example 3.5 
we see that 

Kx = ^*{Ky ® Oy{3Co + 6/)) = ip*OY{Co + 2/)(3.7.2) . 

Now we compute H^{Kx)- Using projection formula and 3.7.1 and 3.7.2 we 
obtain that 

H\Kx) = H'iOYiCo + 2/)) ® H\OY{-f)) ® H\Oy{-Co - /))® 
H\Oy{-2Co - 4/)) = H\Oy{Cq + 2/)) . 

Thus the canonical morphism of X is the composition of (p and the morphism 

Y Z C P^, induced by the complete linear series of Co+2/. Since contracts 
Co, the canonical morphism of X is not finite, but it is generically finite of degree 
4 onto Z, which is a surface of minimal degree as we wanted. 

On the other hand, if Cq is the puUback of Cq by 99, then Cq is a smooth 
line with self-intersection —2. Thus the morphism 0o(^ also factorizes as ifi' oip, 
where 

X^X 

is the morphism from X to its canonical model X and 

X^Z 

is the canonical morphism of X. Thus is an example of a finite, 4 : 1 canonical 
morphism from regular surface of general type with canonical singularities onto 
a singular surface of minimal degree. □ 

4. The canonical ring of a curve 

In this section we study a very well known ring, the canonical ring of a curve. 
It was proved by Noether that the canonical ring of smooth curve C is generated 
in degree 1 if and only if the curve is non hyperelliptic. Our purpose is to show 
again the link between the structure of this canonical ring and the structure of 
Oc as an algebra over Opi via a suitable morphism from C to P^. Precisely, we 
will look at curves endowed with certain finite morphisms to a rational curve. 
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First, we will consider hyperelliptic curves and its 2 : 1 morphism to P^. Second, 
we will consider curves having a base-point-free theta-characteristic inducing 
a morphism from the curve to a rational normal curve. The latter class of 
curves include hyperelliptic curves but also other curves far more general: those 
curves with a base-point-free theta characteristic with two linearly independent 
sections. We will give a new proof of Noether's theorem in these two cases. 

Theorem 4.1. Let C be a smooth hyperelliptic curve of genus g. 

1) If g = 2, then its canonical ring is generated by its elements of degree 1, and 
by 1 element of degree 3. 

2) If g ^ then its canonical ring is generated by its elements of degree 1, and 
by g — 2 elements of degree 2. 

Proof. Let L be the base-point- free g2 on C and let tt : C — > be the 
morphism induced by \L\. The cover tt is double, therefore tt^Cc = Opi © 
Opi{—g — 1) and the structure of Opi © Opi{—g — 1) as algebra over Opi is 
well known: the elements of Opi multiply among themselves by the product in 
Opi , the elements of Opi multiply the elements of O-pi {—g — 1) via the module 
structure of Opi {—g — 1) over Opi , and finally the multiplication of elements of 
Opi{—g — 1) is dictated by the branch divisor on P-^ and produces elements of 
Opi. Recall now that iiTc = i^®^"^ Themr^K^'' = Opl{n{g-l))®Opl{{n- 
l){g - 1) - 2). This implies for instance that H^{Kc) = H^{Opi{g - 1)) and 
H^{K®^) = H^{Opi{2{g - 1))) © H^{Opi{g - 3)). Thus the image of 

H\Kc) H^{Kc) ^ H\K§^) 

is H'^[Opi[2{g — 1))), which has codimension ^ — 2 in H^[Kq^). On the other 
hand, since if°(Cpi ((n — l)(5r — 1) — 2)) 7^ if n > 2, except for n = ^ = 2, we 
see that the map 

H\K§'') (g) H'^iKc) ^ H\K®''+^) 

surjects for all n > 2, except if n = = 2. If = 2, 0:2 does not surject, since 
its image is iiZ"°(Cpi (3)), which has codimension 1 in H^{K^^). □ 

Theorem 4.2. Let C be a smooth curve of genus g >3 possesing a base-point- 
free line bundle 9 such that 6*®^ = Kc and such that \9\ induces a morphism 
of degree n onto a rational normal curve of degree r. Then the canonical ring 
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of C is generated in degree 1 unless r = ^-2-, equivalently, unless n = 2. In 
particular, if r then C is non-hyperelliptic. 

Proof. Let tt be the morphism induced by |^|. The pair {C,9) satisfies the 
hypothesis of Lemma 2.3. Thus we know that 

E={n- 2)Opi (-r - 1) © Opi (-2r - 2) . 

RecaU also (cf. 2.4.1) that 

For some 1 < i, j < n — 2, the projection of the map 

Cpi(aj) ® Opi{aj) — > TT*Oc to (9pi(— 2r — 2) is surjective, 

in fact, it is an isomorphism. 

We want to discuss the surjectivity of the maps 

H^K^"") (g) H^iKc) H^{K®'^+^) 

for all m > 1. The map 7^ is in fact the map /3(2m, 2) defined in Proposition 
2.2. RecaU that 

H^{Kc) = H^iOpi (2r)) © (n - 2)H^{Opi (r - 1)) and 
H^'iK^^) = H\Opi (4r)) © (n - 2)H\Op. (3r - 1)) © H\Opi (2r - 2)) . 

Then the restriction of /3(2,2) to H^{Opi{2r)) © H^{Opi{2r)) surjects onto 
H^{Opi{Ar)). Thus if n = 2, the image of /3(2,2) is i/ofOpi (4r)), which has 
codimension 2r — 1. Note that, since in this case C is hyperelliptic, r = (and 
g is therefore odd), so the codimension of the image of f3{2, 2) in H^{Kff) is g—1, 
as seen m Theorem 4.1. If n > 3, then restriction of /3(2,2) to H^{Opi{2r)) © 
(n-2)ifO(Cpi(r-l)) surjects onto {n-2)H^{Opi{3r - 1)). Finally, it follows 
from 2.4.1 that the image of the restriction of /3(2,2) to (n — 2)H^[Opi{r — 
1)) © (n - 2)H^{Opi (r - 1)) projects onto H^{Opi{{2r - 2)). Therefore /5(2, 2) 
surjects if n > 3. On the other hand 

H^iK®"^) = iy°(C»pi(2mr))© 

(n - 2)H'^(Opi ((2m - l)r - 1)) © ^^"(Opi ((2m - 2)r - 2)) , 

therefore (3{2m, 2) surjects for all m > 2. □ 

Not every curve C of genus g has a theta-characteristic satisfying the hypoth- 
esis of Theorem 4.2. The curves with theta-characteristics with a positive even 
number of sections form a divisor M.^^ in M.g (see [Be] and [F]). Moreover, the 
theta-characteristic of a general curve of M.]^ is base-point-free (see [T]). Thus 
we can deduce from this and the above proposition Noether's theorem for the 
case in which C is a general curve of A^^. 
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Corollary 4.3. Let C a smooth curve of genus g > 3, general in -M.^- Then the 
canonical ring ofC is generated in degree 1. In particular, C is non-hyperelliptic. 

5. Homogeneous rings of Calabi-Yau threefolds 

In this section we give a new, different proof of the following result contained 
in [GP2] as part of Theorems 1.4 and 1.7 and Corollary 1.8 of that article. The 
arguments we use will give yet another illustration of how the algebra structure 
induced on Ox is linked to the very ampleness and normal generation of a line 
bundle. 

Theorem 5.1. Let X be a Calabi-Yau threefold and let B an ample and base- 
point-free line bundle such that h^{B) ~ 4. Let S be a divisor in \B\ and let C 
be any smooth curve C &\B ® Os\- The following are equivalent: 

(1) B®"^ satisfies property Nq. 

(2) satisfies property Nq. 

(3) The sectional genus of B is bigger than 3. 

(4) The curve C is non-hyperelliptic. 

Proof. We will denote by <f> the morphism induced by |S| onto P^. First of 
all we observe that, by [M], Theorem 2, 

surjects if n > 4. This implies that 

HO(b®^) H^iB®"") — > 
surjects if n > 4. Therefore, B®"^ satisfies property Nq if and only if 

surjects. Analogously, B®^ satisfies property Nq if and only if 

surjects. The proof goes on through three steps. 

(5.1.1) The vector bundle (f^Ox- The morphism tt is finite of degree n > 2. The 
push down of Ox by ^p, (p^Ox, is isomorphic to Opa © E, where £^ is a vector 
bundle of rank n - 1 on P^. Since h^B®"") = h'^{B®'^) = for all n e Z, using 
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projection formula we obtain from Horrocks' criterion that E splits as a direct 
sum of line bundles. On the other hand B ® Os — Ks, and the restriction of 
is the complete canonical series of S, for h^(Ox) = 0. In addition, h^{Os) = 0. 
Let us denote by tt the restriction of (p to C. We are under the hypothesis of 
Lemma 2.3, therefore 

TT^Oc = Cpi © (n - 2)0pi (-2) © Opi (-4) . 

This implies that 

ifi^Ox = Ops © (n - 2)Cp3(-2) © Op3(-4) . 
Let us call Ei = {n - 2)Op3{-2) and E2 = Ops (-4). 

(5.1.2) Relationship between the algebra structure of ip*Ox and the normal 
generation of B®'^ and B®^. We study now the Ops-algebra structure of ^*Ox 
in relation with the surjectivity of the maps 

H\B®^) ® H\B®'') A H\B®^) 

and 

Recall that B®"^ (resp. B®^) is normally generated if and only if a (resp. (3) 
surjects. Recall that H'^{B®^) = Jf"(Op3(2)) © H^{E{2)) = H^{Ops{2)) © 
H'^{Ei{2)) and H^\B®^) = H''{Op's{i))®H%E{4)) = iT0(Op3(4))©ii'0(Ei(4))ffi 
iy°(£'2(4)). Then we can see the map a as direct sum of: 

H\Op3{2)) iy°(e)p3(2)) A i?0(C»p3(4)) 
H\Ops{2)) H\Ei{2)) ^ H\E^{4)) 
iyO(£;i(2)) ® H\Ops{2)) A H'^iEtiA)) 
H\Ei{2)) ® H\Ei{2)) A i/0(Op3(4) © ^(4)) . 

The map 7 is induced by ring multiplication on Ops and it is therefore sur- 
jective. The maps 5 and e are induced by module multiplication and are also 
surjective. Therefore a surjects if and only if the composition of 77 with the pro- 
jection to H^{E2{A)) is surjective. Now the map 77 depends on the way in which 



ON THE CANONICAL RING OF COVERS OF SURFACES OF MINIMAL DEGREE 21 



elements of E multiply among themselves. Let us denote by /i the morphism 
E®E to O-pi ®E induced by the ring structure of (^^Ox- Now, the composition 
of ?7 with the projection to iy°(£'2(4)) is surjective if and only if 

(*) jji induces an isomorphism from at least one of the components of Ei ® E\ 
isomorphic to Ops (—2) ® Ops (—2) onto the component £'2. 

The same argument proves that (3 is surjective if and only if (*) holds. 

(5.1.3) Algebra structure of ^p^Ox and the curve C. On the other hand, 
{(p\c)*{Oc) and Opi © (£" Opi) are isomorphic as Cpi-algebras, the former 
with the algebra structure induced by the cover Lp\c '■ C — > of and the 
latter with the algebra structure inherited from the algebra structure of (f^,Ox- 

Arguing similarly as before, the multiplication map H^{Kc) ® H^{Kc) — > 
H^{K®^) can be related to the algebra structure of {i^\c)*{Oc)-, and in fact, 
A is surjective if and only if (*) holds. The surjectivity of A is equivalent to C 
being non-hyperelliptic. 

Finally, the failure of (*) to hold is equivalent to the fact that ^ restricted to 
El ® El projects to in Ops (—4). This condition implies that 92* Ox contains 
a subalgebra of rank [n — 1), namely Ops © E\ and hence (/? decomposes as a 
cover of degree bigger than or equal to 2 and a cover of degree n — 1, the latter 
integral, as C is. Therefore this is only possible if n = 2, which is equivalent to 
g{C) = 3. □ 
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